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We present three classes of symmetric broadband composite pulse sequences. The composite
phases are given by analytic formulas (rational fractions of pi) valid for any number of constituent
pulses. The transition probability is expressed by simple analytic formulas and the order of pulse area
error compensation grows linearly with the number of pulses. Therefore, any desired compensation
order can be produced by an appropriate composite sequence; in this sense, they are arbitrarily
accurate. These composite pulses perform equally well or better than previously published ones.
Moreover, the current sequences are more flexible as they allow total pulse areas of arbitrary integer
multiples of pi.
I. INTRODUCTION
Among the coherent control techniques in quantum
physics, composite pulses (CPs) have the unique advan-
tage of combining ultrahigh accuracy similar to resonant
techniques with robustness to parameter imperfections
similar to adiabatic passage techniques. Although the
required total pulse area of a CP is typically a few times
larger than in the resonance techniques, it is still signif-
icantly less than the typical pulse areas in the adiabatic
techniques.
CPs have been introduced and used extensively in nu-
clear magnetic resonance (NMR) [1–4]. In fact, com-
posite polarisation plates, which are based on the same
mathematical principles, have been known in polarisa-
tion optics much earlier [5–9]. Recently, CPs have found
numerous applications in quantum information [10–15],
quantum optics [16–19], and even frequency conversion
in classical optics [20, 21].
The composite pulse sequence is a finite train of pulses
with well defined relative phases between them. These
phases are control parameters: they are determined by
the desired excitation profile. In general, CPs allow for
great flexibility to shape the excitation profile in essen-
tially any desired manner, an objective which is impossi-
ble with a single resonant pulse or adiabatic techniques.
In particular, broadband (BB) CPs can cancel imperfec-
tions of a single pulse due to deviations in the pulse area,
frequency offset, chirp, etc. Alternatively, one can create
narrowband CPs [22–27], which enhance the single pulse
sensitivity to variations in a certain parameter, which can
be used, for instance, for localisation or sensing. Pass-
band CPs [24, 28] combine the features of broadband
and narrowband CPs: highly efficient excitation within
a certain range of an interaction parameter and negligibly
small excitation outside.
In this paper, we present three sets of BB composite
π pulses, which compensate imperfections in the peak
Rabi frequencies and the pulse durations. The composite
phases are given by simple analytic formulas — rational
multiples of π. The transition probability for each set is
given by a simple analytic formula too, which makes it
possible to explicitly assess the high-efficiency range. We
prove that these CPs perform equally well or better than
previously known CPs. Moreover, they are more flexible
because the total nominal pulse area can be any integer
multiple of π, whereas previously known BB CPs used
pulse areas given by (2n+1)π [16] or 2nπ [30, 31], where
n is an integer. Our composite sequences can contain
arbitrarily many pulses (with a total nominal pulse area
nπ) and are accurate up to order O(ǫ2n), where ǫ is the
pulse area error; hence they can be made accurate to any
order in ǫ.
II. TWIN COMPOSITE PULSE SEQUENCES
We begin by a brief introduction to the theory of com-
posite pulses. A general SU(2) propagator is parameter-
ized using the complex Cayley-Klein parameters a and b
(|a|2 + |b|2 = 1) as
U =
[
a b
−b∗ a∗
]
. (1)
A constant phase shift in the Rabi frequency Ω → Ωeıφ
is imprinted into the propagator as
Uφ =
[
a b eıφ
−b∗ e−ıφ a∗
]
. (2)
For resonant excitation (∆ = 0), which we assume, a =
cos(A/2) and b = −ı sin(A/2), where A = ∫ tfti Ω(t)t. is
the pulse area. The transition probability in this case
is P1→2 = sin
2(A/2). It is equal to 1 for a resonant π
pulse, i.e. for A = π. It is accurate up to order O(ǫ2)
to deviations of the pulse area, A = π(1 + ǫ), from this
perfect value: P1→2 = 1− π2ǫ2/4+ . . .. By replacing the
single π pulse by a CP one can enhance the robustness
to pulse area errors up to order O(ǫ2n), with n > 2.
The propagator of the composite pulse sequence,
SN = (A1)φ1(A2)φ2 · · · (AN−1)φN−1(AN )φN , (3)
is the product of phase shifted propagators,
U
(N) = UφN (AN )UφN−1(AN−1) · · ·Uφ2(A2)Uφ1(A1),
(4)
2where Aj and φj are the pulse area and the phase of pulse
j (j = 1, 2, . . . , N). The objective is to choose Aj and φj
in such way that to produce a BB excitation profile to
the highest possible order in the deviation ǫ.
We build our CPs as twin sequences,
TN = SN S˜N , (5)
where S˜N is the inverted sequence of SN of Eq. (3),
S˜N = (AN )φN (AN−1)φN−1 · · · (A2)φ2(A1)φ1 . (6)
Hence, if SN has N pulses, the total BB sequence TN
contains 2N − 1 pulses because the two adjacent pulses
(AN )φN (AN )φN are merged into one pulse (2AN )φN .
We consider three sets of composite sequences, which
we label as T
(1)
N , T
(2)
N , and T
(3)
N . They are composed of
pulses of areas
A =
π
2
(1 + ǫ), B = π(1 + ǫ), C = 2π(1 + ǫ). (7)
These are nominal (i.e., for zero error, ǫ = 0) π/2, π and
2π pulses.
A. Type-1 twin pulses
The first type of twin π pulse sequences have the form
T
(1)
N = S
(1)
N S˜
(1)
N , with
S
(1)
N = Aφ1Bφ2Bφ3 · · ·BφN−1AφN . (8)
Hence the first and last pulses are nominal π/2 pulses and
all pulses in between are nominal π pulses. The compos-
ite phases are given by the simple analytic formula
φk =
(k − 1)2π
2(N − 1) (k = 1, 2, . . . , N). (9)
Explicitly, the first few twin sequences read
T
(1)
2 = A0B 12piA0, (10a)
T
(1)
3 = A0B 14piBpiB
1
4pi
A0, (10b)
T
(1)
4 = A0B 16piB
2
3pi
B 3
2pi
B 2
3pi
B 1
6pi
A0, (10c)
T
(1)
5 = A0B 18piB
1
2pi
B 9
8pi
B0B 9
8pi
B 1
2pi
B 1
8pi
A0, (10d)
where we have used that AφAφ = Bφ when merging S
(1)
N
and S˜
(1)
N . The total pulse area for the sequence TN is
2(N − 1)π.
The proof that the phases (9) lead to BB excitation
profiles is too cumbersome to be derived in full; a sketch
is presented in the Appendix.
The transition probability for an N -pulse sequence of
this type reads
P
(1)
N = 1− sin4(N−1)
(
1
2πǫ
)
, (11)
Obviously, it is accurate up to order O(ǫ4(N−1)).
The performance of these sequences is shown in Fig. 1.
The longer the CPs, the higher the compensation order
and the broader the excitation profiles.
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FIG. 1: (Top) Excitation profiles P
(1)
N for the BB composite
sequences of type-1 for N = 2, 3, 4, 5, 10, 20. (Bottom) Tran-
sition probability error 1−P
(1)
N in log scale. The dashed curve
depicts the single-pulse sin2 profile for comparison.
B. Type-2 twin pulses
The second type of twin π pulse sequences have the
form T
(2)
N = S
(2)
N S˜
(2)
N , with
S
(2)
N = Aφ1Bφ2Bφ3 · · ·BφN−1BφN , (12)
with the composite phases
φk =
2(k − 1)2π
2N − 1 (k = 1, 2, . . . , N). (13)
Explicitly, for the first few sequences we have
T
(2)
2 = A0C 23piA0, (14a)
T
(2)
3 = A0B 25piC
8
5pi
B 2
5pi
A0, (14b)
T
(2)
4 = A0B 27piB
8
7pi
C 4
7pi
B 8
7pi
B 2
7pi
A0, (14c)
T
(2)
5 = A0B 29piB
8
9pi
B0C 14
9 pi
B0B 8
9pi
B 2
9pi
A0, (14d)
where we have used that BφBφ = Cφ. The total pulse
area for these sequences is (2N − 1)π and the transition
probability is
P
(2)
N = 1− sin4N−2
(
1
2πǫ
)
. (15)
In Fig. 2 we illustrate the excitation profiles of these
sequences. Clearly, the larger is N , the broader is the
excitation profile.
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FIG. 2: (Top) Excitation profiles P
(2,3)
N for the BB composite
sequences of types 2 and 3 for N = 2, 3, 4, 5, 10, 20. (Bottom)
Transition error 1 − P
(2,3)
N in log scale. The dashed curve
depicts the single-pulse sin2 profile for comparison.
C. Type-3 twin pulses
The third type of twin π pulse sequences have the form
T
(3)
N = S
(3)
N S˜
(3)
N where
S
(3)
N = S˜
(2)
N = BφNBφN−1 · · ·Bφ2Aφ1 , (16)
with the same composite phases (13) as the S
(2)
N se-
quences but in the reverse order. Therefore, these se-
quences can be written also as T
(3)
N = S˜
(2)
N S
(2)
N . The first
few sequences are
T
(3)
2 = B0B 23piB0, (17a)
T
(3)
3 = B0B 25piB
8
5pi
B 2
5pi
B0, (17b)
T
(3)
4 = B0B 27piB
8
7pi
B 4
7pi
B 8
7pi
B 2
7pi
B0, (17c)
T
(3)
5 = B0B 29piB
8
9pi
B0B 14
9 pi
B0B 8
9pi
B 2
9pi
B0. (17d)
The total pulse area and the transition probability P
(3)
N
are the same as for the T
(2)
N sequence, Eq. (15). Hence
Fig. 2 illustrates the excitation profiles of the sequences
of type-3 too. Like type-2, the type-3 CPs are accurate
up to order O(ǫ4N−2).
III. COMPARISON WITH OTHER COMPOSITE
pi PULSES
In this section we compare the performance of the
present BB sequences with other CPs known in the lit-
erature.
The total pulse area of our CPs is 2(N − 1)π for type
1 and (2N − 1)π for types 2 and 3. The BB sequences,
derived in [16], have a total pulse area of odd multiples of
π. Hence, we have a greater flexibility in the total pulse
area, which can be an odd or an even multiple of π.
For a given total pulse area Atot = (2N−1)π or Atot =
2(N − 1)π, our CPs deliver compensation to pulse area
errors up to order O(ǫ2Atot/pi) — the same as for the CPs
in [16]. In [16] it was shown that these profiles outperform
the profiles, emerging from some widely used composite
sequences [23, 24, 29]. Hence, this is also valid for the
current CPs.
We now focus on the comparison of our pulses with
those of Refs. [30, 31]. To be specific, we will consider
four of these sequences, which we call L1, L2, L3 and L4.
Translated from the NMR language, they are written as
L1 = A0B 1
2pi
A0, (18a)
L2 = A0C 2
3pi
A0, (18b)
L3 = D− 12piA0A
1
2pi
D0B± 12piD0A−
1
2pi
A0D 1
2pi
, (18c)
L4 = A 1
2pi
A0A− 12piA0A0A−
1
2pi
A0A 1
2pi
, (18d)
where D = 14π(1 + ǫ) is a nominal π/4 pulse. One can
easily notice that L1 is equivalent to our type-1 sequence
T
(1)
2 , Eq. (10a), while L2 is equivalent to our type-2 se-
quence T
(2)
2 , Eq. (14a). In Fig. 3, the nine-pulse sequence
L3 is compared with our type-1 sequence T
(1)
3 , Eq. (10b),
as they both have a total pulse area of 4π. Clearly, the
profile of our sequence outperforms the profile of L3. Fi-
nally, the L4 sequence delivers the same profile as our
sequence T
(1)
3 .
More generally, it can be shown that the profiles of
Levitt’s concatenated CPs, constructed by recursive ex-
pansion [31], coincide with our type-1 CPs. However, the
procedure described in [31] is less flexible as it only allows
for total pulse areas equal to 2nπ, with n = 1, 2, 3, . . ..
IV. CONCLUSION
In this paper we presented three classes of symmetric
broadband composite pulse sequences, which compensate
imperfections in the pulse area to an arbitrary high order.
The composite phases are given by simple rational multi-
ples of π for arbitrarily long sequences, and the transition
probabilities for the three classes are given by very sim-
ple formulas. These composite sequences perform equally
well or outperform the existing composite sequences in
the literature. The current sets are more flexible, as they
allow total pulse areas of arbitrary integer multiples of π.
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FIG. 3: Comparison between type-1 twin pulse (10b), L3
(18c), and L4 (18d). The solid blue line shows the profile
of the type-1 sequence for N = 3. The dotted black line cor-
responds to the nine-pulse sequence L3. The profile of L4
coincides with the type-1 profile.
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Appendix A: Appendix
In this appendix we will sketch the proof that the com-
posite sequences of types 1, 2, and 3 lead to BB excitation
profiles.
First, we take the product (4) for T
(1)
N and after some
simple trigonometry we obtain
U
(N)
11 =
N−1∑
j=0
sin2j
(πǫ
2
)
Zj+1(φ), (A1)
where φ = {φk} is the set of all composite phases and
Zj+1 do not depend on ǫ. We will only be interested in
ZN and we will prove that it is equal to unity. Explicitly,
we have
ZN =
1
2 e
−ı(φ1+φN+2
∑N−1
j=2 φj)
N−1∏
j=1
(
eıφj + eıφj+1
)2
,
(A2)
which, after substituting the explicit phases (9) and ap-
plying some simple transformations can be written as
ZN =
1
2 e
−ı(N−1)pi/2
N−1∏
j=1
(
1 + eı(2j−1)
pi
2(N−1)
)2
. (A3)
Finally, this can be rewritten as
ZN =
1
22
2(N−1)
N−1∏
j=1
cos2
(2j − 1)π
4(N − 1) . (A4)
By using the property of the Chebishev polynomial of
the first kind [32]
Tn(x) = 2
n−1
n∏
j=1
[
x− cos (2j − 1)π
2n
]
, (A5)
one can prove that
n∏
j=1
cos
(2j − 1)π
4n
=
√
2
2n
. (A6)
This relation, when substituted in Eq. (A4), leads to
ZN = 1. (A7)
We now focus our attention back at Eq. (A1). Due to
Eq. (A7), in order to fit into the required inequality
|UN11| < 1, we must have
Zj+1 = 0 (∀j 6= N − 1). (A8)
Hence, we finally arrive at
U
(N)
11 = sin
2(N−1)
(πǫ
2
)
(A9)
and
P
(N)
1→1 = sin
4(N−1)
(πǫ
2
)
, (A10a)
P
(N)
1→2 = 1− sin4(N−1)
(πǫ
2
)
, (A10b)
which proves the BB condition for the set of phases (9).
In an identical way one can prove that for the CPs of
types 2 and 3 we have
P
(N)
1→2 = 1− sin4N−2
(πǫ
2
)
. (A11)
If we take into account the total pulse area Atot of the
CPs, we can unite Eqs. (A10b) and (A11) into
P1→2 = 1− sin2Atot/pi
(πǫ
2
)
. (A12)
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